In this paper, a Riemannian BFGS method for minimizing a smooth function on a Riemannian manifold is defined, based on a Riemannian generalization of a cautious update and a weak line search condition. It is proven that the Riemannian BFGS method converges (i) globally to stationary points without assuming the objective function to be convex and (ii) superlinearly to a nondegenerate minimizer. Using the weak line search condition removes the need for information from differentiated retraction. The joint matrix diagonalization problem is chosen to demonstrate the performance of the algorithms with various parameters, line search conditions and pairs of retraction and vector transport. A preliminary version can be found in [HAG16a].
Introduction
In the Euclidean setting, the BFGS method is a well-known quasi-Newton method that has been viewed for many years as the best quasi-Newton method for solving unconstrained optimization problems [DS83, NW06] . Its global and superlinear local convergence have been analyzed in many papers for convex problems (see [DS83] and references therein). For many years, it was not clear whether the standard BFGS method could be shown to converge globally for a nonconvex cost function. In fact, it is only recently that [Dai13] has given an example where the cost function is smooth (polynomial) and nonconvex and the BFGS method cannot converge, which means that modifications of the BFGS method are required if the global convergence for general nonconvex problems is desired. Such modifications have been proposed and shown to converge globally in [LF01a, LF01b, WLQ06, WYYL04] . In the Riemannian setting, quasi-Newton methods are also favored in many applications and much attention has been paid to generalizing the Euclidean BFGS method. So far, many Riemannian versions of the BFGS method have appeared, e.g., [Gab82, BM06, QGA10, SL10, RW12, SKH13, HGA15], and only two of them [RW12, HGA15] have general discussions with complete global and local convergence analyses rather than considering only a specific cost function or manifold. In spite of this, both of them require cost functions to satisfy a Riemannian version of convexity in their analyses.
In this paper, we adopt the approach in [LF01b] for nonconvex problems, which updates the Hessian approximation cautiously, with a weak line search condition [BN89, (3. 2), (3.3)]. Global and local superlinear convergence analyses of the proposed cautious Riemannian BFGS method are given. In addition, unlike the Riemannian versions of the BFGS method in [RW12, HGA15] , the global convergence analysis of the cautious Riemannian BFGS does not require a convexity assumption on the cost function.
The Riemannian BFGS method (RBFGS) in this paper has another advantage over the approaches in [RW12, HGA15] . The Riemannian versions of BFGS method in [RW12, HGA15] and this paper all rely on the notion of retraction and vector transport developed in [ADM02, AMS08] . The version in [RW12] involves
Notation
The Riemannian concepts follow from the standard literature, e.g., [Boo86, AMS08] and the notation of this paper follows [AMS08] . Let f denote a cost function defined on a d-dimensional Riemannian manifold M with the Riemannian metric g : (η x , ξ x ) → g x (η x , ξ x ) ∈ R. T x M denotes the tangent space of M at x and T M denotes the tangent bundle, i.e., the set of all tangent spaces. The Riemannian gradient and Hessian of f at x are denoted by grad f (x) and Hess f (x) respectively and the action of Hess f (x) on a tangent vector η x ∈ T x M is denoted by Hess f (x)[η x ]. Let A x be a linear operator on T x M. A * x denotes the adjoint operator of A x , i.e., A *
A retraction is a C 1 map from the tangent bundle to the manifold such that (i) R(0 x ) = x for all x ∈ M (where 0 x denotes the origin of T M) and (ii) d dt R(tξ x )| t=0 = ξ x for all ξ x ∈ T x M. The domain of R does not need the entire tangent bundle. However, it is usually the case in practice. In this paper, we assume that R is well-defined whenever needed. R x denotes the restriction of R to T x M. A vector transport T : T M⊕T M → T M, (η x , ξ x ) → T ηx ξ x with associated retraction R is a mapping 1 such that, for all (x, η x ) in the domain of R and all ξ x ∈ T x M, it holds that (i) T ηx ξ x ∈ T R(ηx) M, (ii) T ηx is a linear map. An isometric vector transport T S additionally satisfies g Rx(ηx) (T Sη x ξ x , T Sη x ζ x ) = g x (ξ x , ζ x ), where ζ x ∈ T x M. The vector transport by differentiated retraction T R is defined to be T Rη x ξ x := d dt R x (η x + tξ x )| t=0 . Coordinate expressions are denoted with a hat. Let (U , ϕ) be a chart of a manifold M and x ∈ U . The coordinate expression of x is defined byx = ϕ(x). E i , the i-th coordinate vector field of (U , ϕ), is defined by
These coordinate vector fields are smooth and every vector field ξ on U has a decomposition
Therefore, (E i ) x , i = 1, . . . , d is a basis of T x M and the coordinate expressionξ x of ξ x with this basis is (ξ x ϕ 1 , . . . , ξ x ϕ d ). The coordinate expressions of a vector transport T and a linear operator A on a tangent space are represented by matricesT andÂ respectively.
Riemannian BFGS Method with Cautious Update
The proposed Riemannian BFGS method with cautious update is stated in Algorithm 1.
Algorithm 1 Cautious RBFGS method Input: Riemannian manifold M with Riemannian metric g; retraction R; isometric vector transport T S , with R as the associated retraction; continuously differentiable real-valued function f on M, bounded below; initial iterate x 0 ∈ M; initial Hessian approximation B 0 that is symmetric positive definite with respect to the metric g; convergence tolerance ε > 0;
where α k > 0 is computed by a line-search procedure that guarantees the existence of 0 < χ 1 < 1 and 0 < χ 2 < 1, independent of k such that
where h k (t) = f (R x k (tη k )).
5:
Define the linear operator B k+1 : T x k+1 M → T x k+1 M by (7); 6:
When M is a Euclidean space, the line search condition in Step 4 of Algorithm 1 is weak since it has been shown in [BN89, Sections 3 and 4] and references therein that many line search conditions, e.g., the Curry-Altman condition, the Goldstein condition, the Wolfe condition and the Armijo-Goldstein condition, imply either (2) or (3) if the gradient of the function is Lipschitz continuous. In the Riemannian setting, note that function f • R x : T x M → R is defined on a linear space. It follows that the Euclidean results about line search are applicable, i.e., the conditions above also imply either (2) or (3) if the gradient of the function satisfies the Riemannian Lipschitz continuous condition in Definition 3.1:
Definition 3.1. [AMS08, Definition 7.4.1] The functionf = f • R is radially L-C 1 function for all x ∈ Ω if there exists a positive constant L 2 such that for all x ∈ Ω and all η x ∈ T x M, it holds that
where t and η x satisfy that R x (tη x ) ∈ Ω.
In an RBFGS method, the search direction η k is given by solving
where B −1 k , a linear operator on T x k M, approximates the action of the inverse Hessian along grad f (x k ) direction. It remains to define the update formula for B k to be used in line 5 of Algoriithm 1. The classical (Euclidean) BFGS update admits several Riemannian generalizations; see [HGA15, Section 6]. We will start from the following one:
Riemannian BFGS method for nonconvex problem
The motivation for introducing β k is to make this update subsume the update in [HGA15] , which uses β k = α k η k T Rα k η k α k η k . In Algorithm 1, β k can be chosen as 1 for all k. Note that it is well-known that there exists an update formula for B −1 k , which is given later in (50). If y k s k > 0, then the symmetric positive definiteness ofB k implies the symmetric positive definiteness of B k+1 [HGA15] . The positive definiteness of the sequence {B k } is important in the sense that it guarantees that the search direction (5) is a descent direction. However, not all line search conditions imply y k s k > 0. In [RW12] and [HGA15] , the Wolfe condition with information about the differential of the retraction R, T R , is used to guarantee y k s k > 0. In this paper, instead of enforcing y k s k > 0, we guarantee the symmetric positive definiteness of B k+1 by resorting to the following cautious update formula
where ϑ is a monotone increasing function satisfying ϑ(0) = 0 and ϑ is strictly increasing at 0. Formula (7) reduces to the cautious update formula of [LF01b] when M is a Euclidean space. Since y k s k > 0 is not longer enforced, we have more flexibility in the line search procedure, which only needs to satisfy Line 4 of Algorithm 1. It is pointed out that one also can reset B k+1 to be any given matrix, e.g., id, rather thanB k when y k s k s k 2 ∕ ≥ ϑ( grad f (x k ) ). Using either approach does not affect the theoretical results given later. Note that it is important to ensure that ϑ(0) = 0 and ϑ is strictly increasing at 0. If ϑ is not strictly increasing at 0, then the update (7) still guarantees the positive definiteness of the Hessian approximation sequence {B k }. However, the global convergence of Algorithm 1 for nonconvex problems may not hold (let ϑ ≡ 0 and see the example in [Dai13] ). If ϑ(0) > 0, then the global convergence of Algorithm 1 holds for nonconvex problems but the local superlinear convergence does not hold generally (see the proofs in Theorem 5.1). If ϑ(0) < 0, then Algorithm 1 may not be well defined in the sense that the search direction (5) may not be descent.
Global Convergence Analysis
The global convergence analysis of Algorithm 1 is generalized from the Euclidean analysis in [BN89, LF01b] and the differences for the Riemannian setting are highlighted.
The convergence analysis is built on the next two assumptions, which are not blanket assumptions and invoked only when needed. 
Riemannian BFGS method for nonconvex problem 5 Assumption 4.2. The function f is Lipschitz continuously differentiable with respect to the isometric vector transport T S on Ω.
Theorem 4.1 gives a sufficient condition for global convergence of Algorithm 1. This theorem is generalized from [LF01b, Theorem 3.1] but the proof is different since a different line search condition is used.
Theorem 4.1. Let {x k } and η k be sequences generated by Algorithm 1. If there are positive constants κ 1 , κ 2 and κ 3 such that the inequalities
hold for infinitely many k's, then lim inf k→∞ grad f (x k ) = 0.
Proof. Let K denote the index set such that (8) holds. Using (5) and (8) yields
It follows from either (2) or (3) that
Therefore, it holds that lim inf
Combining (10) with (9), (8) yields
which implies lim inf k→∞ grad f (x k ) = 0.
Theorem 4.1 shows that the global convergence is ensured if there exist three positive constants κ 1 , κ 2 , κ 3 such that (8) holds for infinitely many k's. Lemma 4.1 proves that if (11) holds, then such three constants exist. Lemma 4.1 is generalized from [BN89, Theorem 2.1]. The main difference is that in the Euclidean setting, B k+1 is equal to B k if the update is skipped. However, in the Riemannian setting, even the update is skipped, B k+1 is still different from B k due to the existence of the vector transport T S .
Lemma 4.1. LetĨ = {j 0 , j 1 , j 2 , . . .} be an infinite index set, and {B k } be the sequence generated by the Riemannian BFGS update
Suppose B 0 is symmetric and positive definite and there are positive constants a 0 ≤ a 1 such that for all k ≥ 0, y j k and s j k satisfy y j k s j k s j k 2 ≥ a 0 ,
(11) Then for any p ∈ (0, 1) there exist constantsκ 1 ,κ 2 ,κ 3 > 0 such that, for any positive integer k,
hold for at least
and ⌈a⌉ denote the greatest integer that is smaller than a.
Proof. Since both tr(B k ) and det(B k ) are independent of the choice of basis, they are well-defined. Since
Using the update formula of (6) yields that
which have been used in [HGA15, pp. 5 and 13]. The Euclidean versions of these equations can be found in [NW06, (6.44) and (6.45)]. Define ψ(B j k ) = tr(B j k ) − ln(det(B j k )) and it follows from the approach in [BN89, Section 2] or [NW06, Section 6.4] that
Using (11) and (15) yields
for all t and ln cos 2 θ ji ≤ 0 and therefore τ ji ≥ 0. Also note that ψ(
Define J k to be the set of the ⌈(k + 1)p⌉ indices corresponding to ⌈(k + 1)p⌉ smallest values of τ ji for i ≤ k. Let τ m k denote the largest of the τ ji for i ∈ J k . It follows that
for all i ∈ J k . Inequality (18) implies cos θ ji > exp(−ω/2) :=κ 1 which completes the proof of (12). Using (19) and noting ℓ(t) → −∞ both as t → 0 and as t → ∞, it follows that there exist positive constantsκ 3 and b for all i ∈ J k 0 < b ≤ qj i cos 2 θj i ≤κ 3 . Additionally using (12) yieldsκ 2 :=κ 2 1 b ≤ q ji ≤κ 3 for all i ∈ J k which completes the proof of (13).
Finally, inequalitiesκ 2 ≤
The desired global convergence result for a nonconvex function f is stated in Theorem 4.2. Proof. Define the index set from Algorithm 1
If I is finite, then there exists a k 0 > 0 such that B k has the same eigenvalues as B k0 for all k ≥ k 0 . Since B k0 is symmetric positive definite, it is obvious that (8) holds. Therefore, Theorem 4.1 yields the desired result.
Contradiction is used to prove the result when I is infinite. Suppose (20) does not hold. Therefore, there exists a constant δ > 0 such that grad f (x k ) ≥ δ for all k. It follows that from the definition of I that
holds for all k ∈ I. Note Assumption 4.2, the definition of β k , and the compactness of Ω, we have 
Local Convergence Analysis
Section 5.1 lists the assumptions and definitions used in the local convergence analyses. Section 5.2 builds the connections between the global and local convergence analyses and shows that Algorithm 1 eventually reduces to the ordinary RBFGS method, i.e., Algorithm 1 without skipping updates. Since Algorithm 1 is equivalent to an ordinary RBFGS locally, the R-linear and superlinear convergence analyses are presented for the ordinary RBFGS in Sections 5.3 and 5.4 respectively.
Basic Assumptions and Definitions
Throughout the local convergence analyses, let x * denote a nondegenerate local minimizer, i.e., Hess f (x * ) is nonsingular. Three blanket assumptions are made in Assumption 5.1. Note that it follows that f • R is a twice continuously differentiable function.
Since η = 0 implies T Sη − T Rη = 0 and T −1
This assumption has been used in [HGA15] and therefore the analysis framework of [HGA15] can be applied here.
As in the Euclidean setting, we also have the result that a C 2 function on a compact set implies its gradient is Lipschitz continuous on the set, i.e., f ∈ C 2 implies the function f satisfies Assumptions 4.2 and Definition 3.1 (see [AMS08, Section 7 .4] and [Hua13, Section 5.2.2] for details).
Definition 5.1, given in [HGA15, Definition 3.1], generalizes the convexity of a function on S ⊆ M from the Euclidean setting to the Riemannian setting.
It has been shown in [HGA15, Lemma 3.1] that such a neighborhood, in which the function f is strongly retraction-convex, always exists around a nondegenerate minimizer. In addition, for any neighborhood W of x ∈ M, it can be shrunk such that it is an R-star shaped neighborhood of x, i.e., R x (tR −1 x (z)) ∈ W for all z ∈ W and t ∈ [0, 1]. Therefore, there exists a neighborhoodW of x * satisfying A.1W is a R-star shape of x * ;
The object function f is strongly retraction-convex inW;
A.3 For any x,x ∈W, inequalities (23) hold. (This can be seen from Lemma 5.1 given later) Assumption 5.2 is used in the later proofs withΩ satisfying some or all of A.1 -A.3 .
Assumption 5.2. There exists K > 0 such that the iterates x k stay continuously in a neighborhoodΩ of
Note that the iterates x k must stay inΩ continuously. The "continuously" assumption cannot be removed. To see this, consider the unit sphere with the exponential retraction, where we can have x k+1 ≈ x k with α k η k ≈ 2π. (A similar comment was made in [HAG15] before Assumption 6 and in [HGA15] before Assumption 3.3.)
Assumption 5.3 is used to guarantee that R −1 x (y) is well-defined and has been used in existing papers, e.g., [HAG15, HGA15] . This assumption is also a blanket assumption for the local convergence analysis.
Assumption 5.3. There exists r > 0 such that for each x ∈Ω, R x (B(0 x , r)) ⊃Ω and R x (·) is a diffeomorphism on B(0 x , r), whereΩ is defined in Assumption 5.2.
Riemannian BFGS method for nonconvex problem 9 Assumptions 5.2 and 5.3 are used in Section 5.3 to show R-linear convergence. Assumptions 5.4 and 5.5 are used in Section 5.4 to prove superlinear convergence.
When a retraction is considered, a generalization of the Euclidean triangle inequality inΩ must be assumed in the proofs below. As shown in [Hua13, Lemma 6.2.1], choosing the exponential mapping for the retraction R implies Assumption 5.4.
Assumption 5.4. There is a constant a 9 such that for all x, y ∈Ω,
Assumption 5.5 generalizes the Euclidean property of twice Hölder continuously differentiability of f at x * to a Riemannian manifold.
Assumption 5.5. There exist positive constants a 10 and a 11 such that for all y ∈Ω,
It can be shown that Assumptions 5.3, 5.4, and 5.5 hold ifΩ is sufficiently small. It follows that if f, R ∈ C 2 , T ∈ C 1 , and the series {x k } converges to x * , then all the assumptions in this section hold for {x k } ∞ k=K with K sufficiently large.
Preliminaries
Before giving the local convergence analysis, we first state an important property that holds in the Euclidean setting but may not hold in the Riemannian setting. The property is used in Theorem 5.1 and Section 5.1.
In the Euclidean setting, suppose f is strongly convex on S ⊂ R d . It is well-known that y k =Ḡ k s k , where 
where a 4 , a 5 and a 6 are positive constants. Derivations can be found in, e.g., [BN89, NW06] x (x)) ∈ V for t ∈ [0, 1], it holds that a 4 s 2 ≤ g(y, s) ≤ã 5 s 2 and y 2 ≤ã 6 g(y, s),
where
Proof. Define y L and s L to be 
Therefore, by choosing sufficiently small neighborhood V such that is small enough, we have that there exist constantsã 4 ,ã 5 andã 6 such that (23) holds.
We can now prove Theorem 5.1, which states that if the iterates {x k } stay in a sufficient small neighborhood of a nondegenerate minimizer x * , i.e., Hess f (x * ) is positive definite, then x k converges to x * and Algorithm 1 reduces to an ordinary RBFGS. This implies that the local convergence analysis of an ordinary RBFGS is equivalent to the local convergence analysis of Algorithm 1. This theorem is generalized from [LF01b, Theorem 3.5].
Theorem 5.1. Under the assumptions of Lemma 5.1, if s k → 0 and x * is an accumulation point of {x k } generated by Algorithm 1, then the sequence {x k } converges to x * and Algorithm 1 reduces to the ordinary RBFGS when x k is sufficiently close to x * .
Proof. The assumptions about x * imply that x * is an isolated minimizer of f . Since x * is an accumulation point and s k → 0, we have x k → x * . It follows that
By (23) of Lemma 5.1, there exists constant b 2 > 0 and an integer K > 0 such that y k s k s k 2 > b 2 for all k > K. Therefore, by (24), the cautious update formula (7) reduces to the ordinary update formula (6) when ϑ( grad f (x k ) ) < b 2 and k > K.
R-Linear Convergence Analysis
Theorem 5.2 gives sufficient conditions that guarantee R-linear convergence for all quasi-Newton methods with a line search condition satisfying either (2) or (3). It is generalized from [BN89, Theorem 3.1].
Theorem 5.2. Suppose Assumption 5.1 holds and Assumption 5.2 holds withΩ satisfy A.1 and A.2; {x k } is generated by (1) and (5) such that the step size α k satisfies either (2) or (3); and B k is positive definite for all k > K. Assume that there exists p ∈ (0, 1) and a 12 , a 13 > 0, such that for any k ≥ K, the inequalities
and there is a constant 0 ≤ a 14 < 1 such that
holds for all k ≥ K, where ζ k = R −1 x * (x k ). Proof. Let J denote the set of indices for which (25) and (26) hold. Consider an iterate x j with j ∈ J . Using (2), (3), (25), and (26) yields that
where χ = χ 1 a 2 12 if the line search condition (2) holds, or χ = χ 2 a 12 /a 13 if the condition (3) holds. Define m x * ,k (t) to be f (R x * (tζ k / ζ k )). Taylor's Theorem gives
where τ ∈ [0, ζ k ]. It follows from Assumption 5.2 and Definition 5.
By (29) and (30), we obtain that for all j
By the lower bound of (30), we obtain
The R-linear convergence rate of Algorithm 1 is seen easily and is given in Corollary 5.1. 
Superlinear Convergence Analysis
In this section, {x k }, {B k }, {B k }, {α k }, {s k }, {y k }, and {η k }, are infinite sequences generated by Algorithm 1. The following notation is used: where a 15 and a 16 are positive constants.
Hess f (γ k (t))P t←0 γ k dt and b 0 is a positive constant. It follows that
Simplifying the right hand side yields ks k , which yields
By squaring (31) and using (32), we have Proof. By pre-and post-multiplying the update formula (6) by H −1/2 k+1 , we havē
It follows from the idea used in deriving (15) that
Using the property of a determinant, det(M 1 M 2 ) = det(M 1 ) det(M 2 ), yields
It follows that
Observing the relationship between tr(Ĉ k ) and tr(B k ), we have
where b 0 , b 1 and b 2 are positive constants, ς k =T −1
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It follows from (38) and (40) that
On one hand, it holds that 
where b 5 , b 6 are some constants. Both ln cos 2θ i and 1 −q i cos 2θ i + lnq i cos 2θ i are non-positive and we have lim i→∞ ln cos 2θ i = 0 and lim i→∞ 1 −q i cos 2θ i + lnq i cos 2θ i = 0. Note that the function ℓ(t) = 1 − t + ln(t), t > 0 has a unique maximizer at t = 1. It follows that lim i→∞ cosθ i = lim i→∞qi = 1, which implies Proof. By [RW12, Proposition 5], (33) in Theorem 5.3 implies that α k = 1 satisfies the Wolfe condition for all k ≥ k 0 . Therefore, α k = 1 also satisfies either (2) or (3) for k ≥ k 0 . Furthermore, using [RW12, Proposition 8] yields the superlinear convergence result.
Note that Assumption 5.5 with a 11 = 1 reduces to a Riemannian generalization of twice Lipschitz continuous differentiability. We note here without proof that, analogous to the Euclidean setting, Corollary 5.2 still holds as long as a 11 > 0.
It is shown in [Hua13, Theorem 5.2.4] that α k = 1 eventually satisfies the two frequently used line search conditions, i.e., the Wolfe conditions
where 0 < c 1 < 0.5 < c 2 < 1 and the Armijo-Goldstein condition
where α k is the largest value in the set {t (i) |t (i) ∈ [ 1 t (i−1) , 2 t (i−1) ], t (0) = 1}, 0 < 1 < 2 < 1 and 0 < σ < 0.5. 2 Therefore, if α k = 1 is attempted first using one of the line search conditions, then the superlinear convergence of Algorithm 1 is obtained. If h ′ (t) must be evaluated at t ∕ = 0 in line search conditions, such as the Wolfe condition, then the action of vector transport by differentiated retraction is necessary at least on a single direction. More specifically, the term h ′ (t) = g Rx k (tη k ) (grad f (R x k (tη k )), T Rtη k η k ) requires the action of vector transport by differentiated retraction, T Rη ξ, with η and ξ in the same direction. This has been discussed in [HGA15] and one approach to resort to as little information on differentiated retraction as possible is also proposed therein. With line search conditions (such as the Armijo-Goldstein condition) that do not require h ′ (t) at t ∕ = 0, the use of differentiated retraction can be completely avoided since T R0η k η k = η k .
Algorithm 2 LRBFGS Input: Riemannian manifold M with Riemannian metric g; retraction R; isometric vector transport T S , with R as associated retraction; continuously differentiable real-valued function f on M, bounded below; initial iterate x 0 ∈ M; convergence tolerance ε > 0; integer m > 0. 1: k = 0, γ 0 = 1, l = 0. 2: H 0 k = γ k id. Obtain η k ∈ T x k M by the following algorithm:
; 12: end for 13: set η k = −r; 14: find α k that satisfies either (2) or (3); 15: Set x k+1 = R x k (α k η k ). If grad f (x k+1 ) > ε, then break. 
Experiments
In this section, we compare the numerical performance of the Wolfe condition and the Armijo-Goldstein condition on Algorithms 1 and 2. Since the Wolfe condition requires the evaluation of h ′ (t) at t ∕ = 0, the evaluation of the vector transport by differentiated retraction is needed. We use the locking condition proposed in [HGA15] , which restricts the retraction R and the isometric vector transport T S :
This condition requires less information about the differentiated retraction than the approach in [RW12] . However, it may need more computations in the vector transport compared to vector transports without any information from vector transport by differentiated retraction. As shown in [HGA15, Section 4], a few extra low-rank updates may be necessary in the vector transport. In contrast with the Wolfe condition, the Armijo-Goldstein condition does not require any information from the differentiated retraction. Therefore, it allows a cheaper isometric vector transport in general.
Problem, Retraction, Vector Transport and Step Size
The joint diagonalization (JD) problem on the Stiefel manifold [TCA09] is used to illustrate the performance of the proposed algorithms:
min
where St(p, n) = {X ∈ R n×p |X T X = I p }, matrices C 1 , . . . , C N are given symmetric matrices, diag(M ) denotes a vector formed by the diagonal entries of matrix M , and · 2 denotes the 2-norm. The algorithms proposed in this paper have been used to efficiently solve applications such as the geometric mean of symmetric positive definite (SPD) matrices [YHAG17] and the phase retrieval problem [?] . We are also working on other applications including the matrix singular value problems [SI13] , dictionary learning on SPD matrices [CS17] , computations in elastic shape analysis of curves [HGSA15, YHGA15] , and the matrix completion problem [Van13, BA14, Mis14] .
The Riemannian metric g on St(p, n) is the Euclidean metric g(η X , ξ X ) = tr(η T X ξ X ). With this Riemannian metric g, the gradient is given in [TCA09, Section 2.3]. As discussed in [HAG15, Section 2.2] or more specifically in [HAG16b] , a tangent vector η X ∈ T X St(p, n) can be represented by a vector in the embedding space R n×p or a d-dimensional coefficient vector of a basis of T X St(p, n), where d = np − p(p + 1)/2 is the dimension of St(p, n). Note that T X St(p, n) = {XΩ + X ⊥ K : Ω T = −Ω, K ∈ R (n−p)×p }, where the columns of X ⊥ ∈ R n×(n−p) form an orthonormal basis of the orthogonal complement of the column space of X. Hence, an orthonormal basis of T X St(p, n) is given by { 1 √ 2 X(e i e T j − e j e T i ) : i = 1, . . . , p, j = i + 1, . . . , p} ∪ {X ⊥ẽi e T j , i = 1, . . . , n − p, j = 1, . . . , p}, where (e 1 , . . . , e p ) is the canonical basis of R p and (ẽ 1 , . . . ,ẽ n−p ) is the canonical basis of R n−p . In practice, one does not have to form the matrix X ⊥ . Only the actions of X ⊥ and X T ⊥ are needed, i.e., X T ⊥ η X and X ⊥ K are needed given η X ∈ T X M and K ∈ R (n−p)×p respectively. It has been shown in [HAG16b] that the time and space complexities of computing d-dimensional representation of a tangent vector are O(np 2 ) and O(np) respectively.
By varying the basis and fixing the coefficients, one can define vector transport by parallelization [HAG15, Section 2.3.1 and 5]. The implementation of this vector transport using a d-dimensional representation for tangent vectors is the identity [Hua13, Section 9.5] and is used in our experiment. For detailed discussions about the d-dimensional representation for tangent vectors and vector transport by parallelization on the Stiefel manifold, we refer to [HAG16b] .
Three retractions are used. The first is the qf retraction [AMS08, (4.7)]
where qf denotes the Q factor of the QR decomposition with nonnegative elements on the diagonal of R. The pair of qf retraction and vector transport by parallelization does not satisfy the locking condition, in general, so we use the approach in [HGA15, Section 4.2] to modify the vector transport by parallelization in order to satisfy the locking condition. The implementation of the modified vector transport is a rank-two update matrix.
The second retraction is given in [Zhu17, (14) ]
where W η X = P X η X X T − Xη T X P X and P X = I − 1 2 XX T . A Cayley-based isometric vector transport associated with this retraction is also given in [Zhu17, (22) ]. This pair of retraction and vector transport does not satisfy the locking condition and the approach in [HGA15, Section 4.2] also can be used, which yields extra cost of rank-two update. It can be shown that the complexities of this retraction and the action of this isometric vector transport, i.e., given ξ X ∈ T X M, the evaluation of T η X ξ X , are both O(np 2 ). Note that the isometric vector transport in [Zhu17, (22) ] uses vectors in R n×p to represent tangent vectors rather than a d-dimensional representation.
The third retraction [HGA15, (7. 3)] is given by the approach in [HGA15, Section 4.3]
where R X (η X ) defines the retraction, A = X T η X , K = X T ⊥ η X . As shown in [HGA15] , the pair of retraction (49) and vector transport by parallelization, which uses (R X (η X )) ⊥ in (49) to form the basis of T R X (η X ) St(p, n), satisfies the locking condition with β ≡ 1. Therefore, the X ⊥ in (49) is computed and stored explicitly. The time and space complexities are O(n 3 ) and O(n 2 ) respectively.
The initial step size at each line search follows from [NW06, (3.60) and p. 60]. In our Riemannian experiments, this initial step size in the line search algorithm eventually is one. The two algorithms for finding a step size α k satisfying the Armijo-Goldstein condition and the Wolfe condition are both based on quadratic or cubic polynomial interpolation. Specifically, they are [DS83, Algorithm A6.3.1 and Algorithm A6.3.1mod] respectively. We refer to [DS83, Section 6.3.2] for the technical details.
Environment and Parameters
All experiments are performed in C++ with compiler g++-4.7 on a 64 bit Ubuntu platform with 3.6 GHz CPU(Intel(R) Core(TM) i7-4790). 3 The inverse Hessian approximation update formula
is used since computing η k = −H k grad f (x k ) is cheaper than solving the linear system B k η k = − grad f (x k ). The function ϑ(t) in Algorithms 1 and 2 is chosen to be 10 −4 t. The stopping criterion is gf f /gf 0 < 10 −6 , where gf f and gf 0 denote the final and initial norms of the gradients. The initial inverse Hessian approximation is chosen to be the identity. The value m in Algorithm 2 is set to be 4.
The C i matrices are selected as C i = diag(n, n−1, . . . , 1)+0.1(R i +R T i ), where the elements of R i ∈ R n×n are independently drawn from the standard normal distribution. The initial iterate X 0 is given by applying Matlab's function orth to a matrix whose elements are drawn from the standard normal distribution using Matlab's randn.
Tests and Results
The values n and p are chosen to be 12 and 8 respectively. The parameters c 1 and σ are set to be a same value 10 −4 since they play a same role the in line search conditions. Experimental results of averages of 1000 random runs for RBFGS and LRBFGS with various values of N , c 2 , 1 and 2 are reported in Tables 1 and  2. Let RBFGSW and RBFGSA denote Algorithm 1 with the Wolfe condition and the Armijo-Goldstein condition respectively and LRBFGSW and LRBFGSA denote corresponding limited-memory versions. Let RV1 and RV4 respectively denote the pair of retraction (47) and the vector transport by parallelization and the pair of retraction (48) and the Cayley-based vector transport, both of which do not satisfy the locking condition; RV2 and RV5 respectively denote RV1 using approach [HGA15, Section 4.2] and RV4 using approach [HGA15, Section 4.2], both of which satisfy the locking condition but the vector transports are not smooth; RV3 denote retraction (49) and the vector transport by parallelization, which satisfy the locking condition and have a smooth vector transport.
Note that there are not results for RBFGSW and LRBFGSW with RV1 and RV4 since the well-definedness of RBFGSW and LRBFGSW requires the locking condition. We observed in our experiments that the search direction may not be a descent direction in these cases. It follows that the algorithms do not converge.
We do not report the experimental results of RBFGS with RV4 and RV5 since the complexities of
Sα k η k in RBFGS's update is O(n 2 p 3 ) for the Cayley-based vector transport. In contrast, the complexity of vector transport by parallelization is only O(1) when the intrinsic representation is used for tangent vectors..
We can see that increasing the range of [ 1 , 2 ] does not influence the performance of RBFGSA and LRBFGSA significantly. However, as c 2 increases, RBFGSW and LRBFGSW tend to perform better in the sense that the numbers of function and gradient evaluations and computational time decrease in most cases. These phenomena lead us to recommend choosing a large c 2 < 1 for the Wolfe condition. There is no significant difference between the performance of RBFGSW with the largest c 2 and RBFGSA when the same pair of retraction and vector transport is used.
RBFGS with RV1 performs worse than RBFGS with RV2 in the sense of number of function and gradient evaluations. This implies that the locking condition, to some extent, reduces the number of function and gradient evaluations in RBFGS with either the Armijo-Goldstein condition or the Wolfe condition. Note that even though h ′ (t) at t ∕ = 0 is not used in the Armijo-Goldstein line search condition, the locking condition can still reduce the number of function and gradient evaluations. However, due to the lower complexities of vector transport (compared to RV2), the relationship between the efficiencies of RBFGS with RV1 and RBFGS with RV2 depends on the costs on the function, gradient evaluation and the vector transport. Specifically, if the cost on vector transport is not negligible compared to the function and gradient evaluation, then the RBFGS with RV2 can be slower, such as results of N = 32 in Table 1 . Otherwise, the RBFGS with RV1 can be slower, such as results of N = 512 in Table 1 .
The pair of vector transport and retraction in RV3 satisfies the locking condition (46). Unsurprisingly, the numbers of function and gradient evaluations and vector transports of RBFGS with RV3 are smaller than RBFGS with RV1. Therefore, if the costs on the retraction and vector transport of RV1 and RV3 are not significantly different, which is true for n = 12, p = 8, and N = 512, then RBFGS with RV3 is faster than RBFGS with RV1 in the sense of computational time. Otherwise, RBFGS with RV3 can be unacceptably slow, as we see in Table 3 discussed later. Regarding LRBFGS method, Table 2 shows that the numbers of function, gradient evaluations and vector transports are not influenced significantly by the choices of retraction and vector transports. Therefore, the lower the complexity of retraction and vector transport is, the faster the algorithm is in terms of computational time. As discussed in Section 7.1, RV1 has lower complexity than RV2 and RV3, RV4 has lower complexity than RV5. It is pointed out first that RV1 has lower cost than RV4. In LRBFGS method, multiple tangent vectors need be transported to a new tangent space, as shown in Step 21 of Algorithm 2. Suppose the number of tangent spaces is k. In RV1, the complexity of vector transport is independent of k, i.e., O(np 2 ). However, in the Cayley-based vector transport of RV4, the complexity is O(kn 2 p). It follows that LRBFGSA with RV1 is the faster algorithm among all of them. Table 1 : An average of 1000 random runs of RBFGS. iter, nf , ng, nV and t denote the number of iterations, the number of function evaluations, the number of gradient evaluations, the number of vector transports and the computational wall time in seconds. The subscript −k indicates a scale of 10 −k .
